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Abstract. We find sufficient conditions for a probability measure fi to satisfy an in- 
equality of the type 



\ 
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where F is concave and c (a cost function) is convex. We show that under broad as- 
sumptions on c and F the above inequality holds if for some S > and e > one 
has 



$ (5c 



dt < oo, 



^ ^Mt) 

where is the isoperimetric function of /i and $ = {yF{y) — y)* . In a partial case 

where (/? is a concave function growing not faster than log, fc>0, l<a<2 and t < 
1/2, we establish a family of tight inequalities interpolating between the F-Sobolev and 
modified inequalities of log-Sobolev type. A basic example is given by convex measures 
satisfying certain integrability assumptions. 



1. Introduction 
The celebrated logarithmic Sobolev inequality 

(1) Ent,f:= [ fHog( ^ )dix<2C [ \Vf\'dfx, 

where /i = dx is a probability measure, has numerous applications in probability 
theory, mathematical physics, and geometry. It appeared first in the work of Gross [19], 
where he established (1) for the standard Gaussian measure. Gross discovered that (1) 
implies hypercontractivity of the semigroup 

gti generated by L = A - (VV, V). 
Necessary and sufficient conditions for (1) have been intensively studied by many au- 
thors (see [1]). It is well-known that for every probability measure satisfying (1) there 
exists £ > such that 

(2) e^l'l' G L\^Ji). 

It has been shown by Wang ([26]) that this assumption is sufficient provided /i is convex, 
i.e., has the form /i = dx^ where ^ is a convex function (in the literature convex 
measures are also called log-concave). Wang's proof employs the associated diffusion 
semigroup. Bobkov [6] gave another proof of this result by applying the Prekopa-Leindler 
theorem and isoperimetric inequalities. There exist non-convex measures satisfying (1). 
For example, according to a result of Holley and Strook, if /i satisfies (1), every probability 
measure e"^ ■ /i with a < <h satisfies logarithmic Sobolev inequality with C = e^^^~'^''C. 
Recall that (1) implies the Poincare inequality 



(3) 



Var^/:= / f dfi - ( [ f dfiY < C [ |V/prf/x. 



sup(l -F(x))log(- ettt) / ~7~\<^^ 

x>m VI - F(X)J .1^ p{x) 



The log-Sobolev inequality can be considered as a Poincare-type inequality for the 
log L-Orlicz norm. By using this observation and some classical results on Hardy's 
inequality with weights, Bobkov and Gotze [9] established necessary and sufficient condi- 
tions for (1) on the real fine. Namely, ji — pdx satisfies (1) if and only if 

supF(a;)log — -) / < oo, 

1 \ r dx 
Tlx)) J 

where F[x) — //^(— oo, x\^ and m is the median of ji. 

It is well-known that (1) (as well as the classical Sobolev inequalities) is closely related 
to the isoperimetric inequalities. For every Borel ^4 C M*^ we denote by ^'^{A) the surface 
measure of the boundary dA: 

where A^ — {x : dist(a;, A) < /i} is the /i-neighborhood of A. It was proved by Ledoux 
[23] that the isoperimetric inequality of the Gaussian type 

ii^{A) > c^{^-\^^{A))) 

implies (1). Here 

1 r 

= 2, ^{x) = / (p{s)ds. 

Some sufficient conditions for (1) can be obtained by perturbation methods. For exam- 
ple, Carlen and Loss applied in [13] the log-Sobolev inequality 

/ flogfdx<^[ \Vf\'dx, [ pdx^l 

for Lebesgue measure. In particular, they proved that /i — dx satisfies (1) provided 
that 

\\VV? - -AV-ireW 
4' ' 2 

is bounded from below and // satisfies (3) (see also [2] and [12]). 

It follows from (2) that has a very fast decay. However, many distributions exhibit 
some weaker, yet useful properties. Below we consider the following generalizations of 

(1): 

1) The defective log-Sobolev inequality 

Ent^/2<2C / IVffdp + B f fdpt. 

2) The F-Sobolev inequahty 

where F is a concave function. 

3) The modified log-Sobolev inequahty 



dfi 



(4) Ent,f<cf /V(^ 

jRd V I/I 

for some convex c : — > Here c*{x) — supy^^+ ((x, y) — c{y)). 
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Inequality of type 1) implies the hyperboundedness of the associated semigroups (see 
[15]). A basic example for 2) and 3) is given by the following measure on the real line: 

where 1 < a <2. It was proved in [16] that /la satisfies (4) with 

^ if < A 

a 2a II — ' 

for every A > 0. By the tensorization argument the result holds also in the multidi- 
mensional case for the product measure Y['i=i f^aid^i) and the cost function C(i^A,ai-'^) — 
Ylf=i CA,a{xi)- On the other hand, by a result from [2], /i^ satisfies 

J f\og'/'^il + ndn- [J fdf^) log2/^(l + lfdf?l<cl \Wf\'dn, 

where ^ + = 1. One can easily verify that c^ ^, = ca,i3- 

The case a >2 has been considered in [11]. In this case the measure 

d 

H = Z„,d\{e-\'''\" dxi 
1=1 

on satisfies the inequahty 

(6) Ent^|/|^<C / J^ia.JI'^d/.. 

Among other generalizations of (1) let us mention an important result from [22] on 
a family of inequalities interpolating between log-Sobolev and Poincare. If 1 < a < 2, 
1 < p < 2, then for every smooth / one has 

/ fdix^-il |/rd//„)'^'<c(2-pfM) / \vf\'d^i^. 

Inequalities of this type were proved first by Beckner in [5] for Gaussian measures. For 
further development and connections with the F-Sobolev inequality, see [2] , [3] , and [27] . 
Inequahty (4) is closely related to the Talagrand transportation inequahty 

(7) W,{fi,f-fi)<EntJ, 

where f ■ n is another probability measure and Wc is the minimum of the Kantorovich 
functional for the cost function c (see [25] for details). In fact, under broad assumptions 
on c, inequality (4) is stronger than (7). This was shown in [24] for the case of quadratic 
cost function. It was proved in [14] by the optimal transportation method that (4) holds 
for measures of the type n = dx, where V satisfies 

V{b) - V{a) > {VV{a), b - a) + ac{b - a) 

for some a > and a proper choice of c. For recent progress in transportation inequalities, 
including some exponential- and power-type estimates, see [7], [8], [17], [18], [21], and the 
references therein. 

In this paper we obtain sufficient conditions which guarantee inequalities of the following 
type: 
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(5) 



where F is concave and c : M"*" — > M"*" is convex (Theorem 2.1). This inequahty unifies 
the defective modified log-Sobolev inequahties and the F-Sobolev inequahties. Obviously, 
the tight F-Sobolev inequahty corresponds to the case c — \x\'^ , B — and the modified 
Sobolev inequahty corresponds to the case F — log, 5 = 0. 

An important assumption on c which we use below (though not everywhere) is the 
following: 

{H) for any /c > there is n{k) > such that c{kx) < n{k)c{x), c*{kx) < n{k)c*{x). 
Our estimate is based on the use of a special isoperimetric function 

Here Air = {A : fx{A) = n{{x : |a;| > r})}. Assume that (H) holds. The main result 
(Theorem 2.1, Remark 2.4) can be roughly formulated in the following way: 

Integrability of ^{Sc{If)) for some 5 > 0, where $ = {yF{y) — y)*, implies (8). 

Let us give some important examples of the function Ip. In the case of a convex 
measure /i and F — log, the function /^(r) can be estimated for large values r of by Cr 
with some C > 0. This follows from an estimate obtained in [10] (sec Lemma 4.1). In 
the case of an entropy functional F growing as log^(a;), r < 1 and additional assumption 
that cxp(|a;|") G L^ilAi t^i^ result combined with Chebyshev's inequality yields that 
Ipi^) < Cr^~""(^~'^) (see Lemma 4.2 for a precise result). 

The integrability assumption can be rewritten even in a more elegant way if we employ 
the classical isoperimetric function of defined by 

(9) X,{t) = inf ii+{A). 

Acw.<i■.^l{A)=t 

Assume that c satisfies (H). It turns out that (8) holds for a broad class of F and c if for 
some 5 > 0, > 1 one has 

sec Theorem 2.3 and Remark 2.4. 

Let us list our main assumptions on the entropy function F which will be used below. 
A typical example is given by F = log. 

Al) F is concave,increasing and F{1) — 

A2) \\v[iy^QyF{y) = 0, limj^^oo -^(y) = oo 

A3) yF[y) is convex on [0, 1 + A] for some A > 

A4) there exists ^ 1 such that yF'{y) is non- increasing and yF'[y) < 1 on [yo,oo). 

Remark. Assumptions Al) and A2) will he used throughout the paper. Assumptions 
A3) and A4) will be used for tight estimates. 

In Section 3 we obtain sufficient conditions for the related tight inequalities. The 
case of the F-inequality follows immediately from the main result (Theorem 2.5) without 
any further assumptions. In the case of modified log-Sobolev inequalities we restrict 
ourselves to a special choice of a cost function. Namely, we consider for every 1 < a < 2 
the corresponding family of cost functions CA,a given by (5). Under some additional 
assumptions on the entropy, we prove a modification of (8), where /jg^/^d// is replaced 
by Var^/ (Theorem 3.6). In the proof we use techniques developed [16]. 



Before we give the precise formulation of the main result of Sections 3 and 4, let us 
briefly explain the relationships between functions F, c, and leading to tight inequal- 
ities. We want to prove (10). It turns out that under assumptions Al)-A4) on </? every 
entropy function F such that F ~ Ai^'^ , r < 1 satisfies 



Assume, in addition, that T^{t) > ktip^ for some 1 < a < 2. Now take a cost 
function c such that c ~ B\x\'^. We set 

r 

a 

Then 

-tFa 



)<F-'(l + e{S)F{l/t)), 



where lim5^o^('^) = 0. Taking into account property A4), one can easily show that 
F~^(l + eF{l/t)) < at~P for some p < 1 and sufficiently small e. Hence (10) holds. 
We consider the generalized entropies defined by 



where 

p _ / V^(^) if < a; < xo 

If satisfies Al)-A4), r < 1 and xq is chosen in such a way that '■f{xo) = 1. 

Recall that nif = inf{t : /i(/ > t) < 1/2} is called the median of /. Throughout the 
paper we assume that n has convex support. 

Theorem 1.1. Let ip satisfy Al) — AA) and let satisfy 

-L \ a 



for some k>Q, l<a<2 and t < 1/2. Then for every 2(l — ^) < r < 1 there exists 
Cr > depending on T,a, k, X2, A, such that for every smooth f one has 

p2 



In particular, 



In particular, the result holds if /x is convex and g : M"*" is increasing such that 

Jjgd e^^^^ d/j, = 1 and for some C > one has 

9{r) 



(^^~a(e3W^ 



> Cr. 



Obviously, if /i is convex, ip — log and 
(12) I e"l^l"d//<oo 

for some £ > 0, we obtain 

In particular, we generalize Wang's criterion for convex measures as well as the result of 
[16]. Note that unlike [16] we deal directly with multidimensional distributions and use a 
slightly different cost function for d > 2. We also apply the method developed in Theorem 
2.1 to establish the following result (Theorem 4.4): let // be a convex measure satisfying 
(12) for some a > 1. Then 



Ent^|/|^<c[/ |V/|^d// + Var^|/|l]. 



This inequality is weaker than (6) but unlike (6) it is established for arbitrary convex 
measure. 

During the preparation of the paper the author learned from Pranck Barthe that mod- 
ified Sobolev inequalities for convex measures can be obtained by using the transfer prin- 
ciple method (see [4]) and the results from [16]. However, this requires to prove fist 
inequalities on the real line by different methods. Another achievement in this direction 
has been obtained by Nathael Golzan in [18], where he has proved a criterion for trans- 
portation inequalities of Talagrand type for the real line. In particular, his result implies 
modified Sobolev inequalities for convex measures on the real line, since they are known 
to be equivalent to transportation inequalities in the log-concave case. The author thanks 
the anonymous referee for very helpful comments. 

2. Main result 

Consider a probability measure = pdx onW'-. We assume throughout that X 
supp(/x) is convex. In addition, without loss of generality we assume that & X. Set: 

Br — {x : \x\ < r}. 

We denote by R{X) e (0, oo] the smallest number such that X C Bjn^x)- Recall that for 
every measurable mapping F : X ^ Y the image measure /iponYis defined by 

I^f{A) ^ H{{x : F{x) e A}) 

for every Borel set ^ C Y. For every non-negative function / we denote by / the 
corresponding spherical rearrangement, i.e., the function of the form f{x) — g{\x\) such 
that g is increasing and 

/^o/-^ = l_lof-\ 

This can be rewritten as 

where /if = fio f^^ and /^^ is the image of /x under x — > \x\. For a probability measure u 
on let us set 

F,{t)^u{[Q,t)) 

and 

G^{u) = {inf s : F^{s) > u}. 



Then g has the form 

(13) g^G^^oF,^. 

We denote by the complement of Br and by it!* > the number such that 

< Rt) = t, i?i = R{x). 

Since X is convex and E X, Rt is well-defined. 

For every F : ^ R we define the corresponding isoperimetric function If. First we 
set 

Equivalently, 

Then we define 
This is equivalent to 



Ms) 



Ms) 



Jf{s) = sup 



Mr) = M^-l^iBr)). 

''^'^^S. MA) ' 

where Mr = {A : fi{A) = 1 - li{Br)}. Wc follow the agreement that If{R{X)) = 0. 
In what follows we consider a convex cost function c : M"*" — >■ M"*". Let 

c*{x) = sup - c{y)). 

oo. In what follows, for simplicity 



We recall that c is called superlinear if lim. 
we set n{p) = 4^ pd^. 



Theorem 2.1. Let c : IR+ ^ &e a convex superlinear function such that c(0) = and 
let F be a function on IR+ satisfying assumptions Al) and A2). Let K > 1. Assume that 
for R — Rk^ one has 



(14) 

where 



dfjL < oo, 



$(a;) = sup {{x,y) - yF{y) + y) = {yF{y) - y)* (x). 



Then there exist B > 0, C > such that for every smooth f the following estimates hold: 

P 



VlRd ^jRd/ "/^^ J{P>K!Pdii} ^ I/I ^ ilRd 



(16) 



P 



dn 



< C 



[ if -MY 



|V/I 

|/-M/)| 



^dn + B-YarJ. 



Proof. Let us fix some a Lipschitz function /. Witliout loss of generality we may assume 
that f > e > 0. Set v := g- jj,, where g = F( j p^^ )- By a well-known result from measure 
theory one has 

f -f'^i r )^^= / f9dl^= f fdv= rv{f{x)>t)dt 

jR'i ^ JRd. J ^A*-^ JR'^ JR'^ JO 

= / ( / gd/i) dt. 

Jo ^J{x:p{x)>t} ^ 

We split this integral in the following two parts: 

Ii= f ( [ g dfx) dt, I2 = f ( f g dfi) dt. 

Jo ^J{x:p{x)>t} ' Jkij.{P) ^J{x:p{x)>t} ' 

The following proof will be divided in several steps. 

Step 1. Estimation of I^. We show that for some C{K) > one has 

h < C{K)N^i,f. 

This part is quite elementary. By the concavity of F one has 

Hence 

The latter equals 

^ / (f- f^if)) 'dn+{K-l) [ (f- ^^{f)) dn. 

The first term can be estimated in the following way: 

^J'{J ) J{p<K,j.{p)} ^ ^ 

< ^ / (f- Kf?) ' di, + [Var^/l ' 

< 4{K + 1)2 / (/ - d/i + 2Var^/ = {4{K + l)^ + 2)Var^/. 

Jmd \ / 

Further we get 

/ (f - ^if)) d^< [ (f - ^iff) d^. 

One can easily check that 

l/ + M/)l<^^l/-M/)l 



on {f > Ki^if)}. Hence 

(17) / (f-^{f))d^<^^^Ve.r,f. 

J{P>Kfx{p)} ^ ' V A - 1 

Finally we obtain 



h < [(4(ir + 1)2 + 2) + (v^ + 1)'J F'(l)Var^/. 

Step 2. Here we estimate I2 by a quantity depending on the isoperimetric function Ip. 
Let us set 

At = {x: fix) > t}. 

By the concavity of F one has 

P 



h - r [ imfu 
<r ka,)\f([ 



< 



1 

00 



d/j, dt 

P 



, l^{At) J^, p dn 
dt 



dfi 



dt 



f^{{x:f{x)>t})Fl^- 



1 



dt. 



iK^,(p) ■■ P{x) > t}). 

Since / is continuous and X is convex, the function 1 1— > A* (A) is strictly decreasing on 

[inf /2(x),sup/2(x)]. 

Hence one can find a nondecreasing function r/2(s) such that 

/x(^) = /x(5,^^^(,)) 

and r/2(0) = 0, rp{s) = R{X), if s > sup/^. Set 



= sup f{y). 

{\x-y\<h} 



By the definition of Ip we have 



l2< 



KniP) 



lF{rp{t))^i+{At)dt 



< 



poo 

lim^_.o+ / Ipirpit)) 



h 



dt, 



where {x e R'' : fl{x) > t} ^ {x e : p{x) > ty = A'^. Assume for a while that 
s — > /i?(r/2(s)) is locally integrable and define 



7(f] ■= ! lKf.iP)Hrp{s))ds, t > Knip) 
\0,t<K^{p). 



Applying the formula 



^P)di,= / $'(t)MA)c?t, 



which holds for every increasing $ such that $(0) = 0, we get 

z{fl) - z{p) 



I2 < hm 

< 2 



h 



djj, 



lF{rp{f))\f\\Vf\dix. 

'{P>Kf,{p)} 

It remains to note that this estimate still holds even if lF{rf2) is not locally integrable. 
Indeed, approximating Ip by Ip = Ip /\ N, we obtain in the same way as above that 



I^{rf2{t))fi+{At)dt<2 



{P>Kn{P)} 



< 2 



{P>K^{P)} 



iF{rpif))\mf\dfi 

lF{rp{f))\mf\di,. 



We apply the monotone convergence theorem 



h < 



Ip{rp{t))^+{At) dt = lim^ / (r/2(t))/x+(A) dt, 

JK^i(p) 



'Knip) 
and obtain the claim. 
Step 3. Estimation of 

/ IF{rpif))\mf\d^^. 

J{P>Kf^{P)} 

We complete the desired estimate by using the Young inequality. In this part rearrange- 
ment techniques will be employed. Namely, in the estimate below we replace Ip{rp{pyj 

by Ip{rp{p)) and take into account that rp{p{x)) = \x\ on the set {x : |V/(a;)| 7^ 0}. 

Let IR^ = : /xo i^p^ ^(t) > 0} be the set of atoms of the measure /xo i^p^ ^. Note that 
|V/| = almost everywhere on D — {x : P{x) e IR^}. Hence by the Young inequality 
we find 

/ Ip{rp{p))\f\\Vf\dt,<2 [ 

'{P>Kl^(P)} Ap>Ki^{P)} ^ I/I 

/ P[coIp{rp{p))]dt,. 

J{P>Kt^{p)}nD- 

Let Ok = {x: P{x) > Ki^{p)} f] D'. One has 

^Ok = hP>Kn{P)} • 

and by the Young inequality 

2/ pc{lp{rp{p)))dy^^2 f pIoAIp{rp{p)))d^l 

J Ok J'R'' 
P 



(18) 



d/j, 



+ 2 



-AP 



2 Jm.c 



P 



f^iP)- 
P 



AIoAlF{\rp{P)\))\dixdix 
- 1] d/. + \i,{p) j^^^(AIoAlF{rp{P)))) dfi. 



Since / and / have the same laws considered as random variables on the probability space 
one has 

$(4/o,c(/^(r;.(/2)))) d^i = j^^^(AIoA^p{rp{p)))) d/, 
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where Ok — {^^ '■ > Kn{p)} fl {x : P{x) G M^}. By the definition of / we have 

/^({y : f{y) > P{x)}) = Pi{{y ~f{y) > ~f{x)}). 

Then for every such x by the definition of rp we have 

= ^({y : p{y) > f\x)}) = f,{{y : \y\ > \x\}). 

Indeed, otherwise there exist ri < r2 such that f{z) = f{x) for every z : ri < \z\ < r2- 
But this imphcs that : f{y) = f{x)) > 0. Hence rp[p){x) = \x\ on Ok- Moreover, 
if a; G {p > Kn{p)}, then by the Chebyshev inequahty 

Hence \x\ = rp{p{x)) > R^k-d/k if x G {p > Kii{p)}. Thus 

Ok C {x: \x\ > R(k-i)/k}- 

Hence 

*(4/o^c(/^(r^.(f )))) dii < m + J^^ <l>(4c(/^(|x|))) df,:^B< oo. 



^(K-l)/K 



Finahy 



and 

B-1 



h < 



jRi ^ jRd V//(r)/ J{P>Ka(p)\ ^ I/I ^ 



'{/2>XM/2)} 

Combining all the inequalities obtained above, we get (15). 

The proof of (16) is similar and we just briefiy describe the main difference. Instead of 
(18) we use 



2 / IF{rp{p))\f\\Vf\d^^< 

J{P>Kn{P)} ^l/-/^(/)K 

+ c' [ {f-^l{f)y[coIF{rpiP))]d^l. 

JOk 



This follows from the Young inequality and the observation that 

on {/^ > K^{P)}. In the same way as above we estimate the second term by Vax^f and 
P^{ fjj2df, ) ^/^' "^^^^^ f = f - /^(/)- Finally, by (15) one has 



11 



The proof is complete. 



□ 



Example 2.2. Assume that c is a convex superlinear function satisfying (H). Let ^ be a 
convex measure such that J^^ e^^^"^^ d/j, < oo for some s > 0. Then for every K there exist 
B,C > such that 



(19) 



Ent.f <C [ f'c* dfi + B [ f dpi. 

•nP>KlPM ^ IJI ^ jR'i 



1 (r) 

Proof. Let F = log. It will be shown below that sup^>^^^^ < oo for every convex fi 

(Lemma 4.1). The result follows immediately from Theorem 2.1. □ 

Theorem 2.3. Let c : M"*" be a convex superlinear function such that c(0) — 0. 

Assume that F satisfies assumptions Al)-A2) and there exists K > 1 such that 



(20) 



'0 



$ 4c 



dt < oo. 



Then inequalities (15) and (16) hold. 
Proof. By the definition Ip one has 



lF{r) = 



(l-Mi?r))F(T3^) 



It suffices to show that 



R k-1 

K 



<l>^4c o If{\x\)^ djji < oo. 



The mapping R"' 3 x — >• 1-/^(7/ : \y\ < \x\) = t G [0,1] transforms /i into Lebesgue 
measure on [0,1]. Hence the integrability of <^{Ac{If)) is equivalent to (20) for some 
£ > 0. □ 



RemEirk 2.4. Note that the constant A: in (14) and (20) provides yields the term 

J{P>Kfpdi^} ^ \J\ ^ 

in (15). However, if c satisfies (H), it is more convenient to assume that 



dt < oo 



for some S > 0, K > 1. It is easy to check (just apply Theorems 2.1, 2.3 to c — ec with 
appropriate e) that (15, (16) still hold (eventually with some other constant in place of A:). 

The following theorem is a direct corollary of (16). 

Theorem 2.5. Let F and ii satisfy the assumptions of Theorem 2.1 with c — 5\x\^ and 
some S > 0. Then for every smooth f one has 

In particular, the result holds if assumptions Al)-A2) are fulfilled and there exist K > 1, 
5 > such that 

(21) / $((5 -^A^ ]dt<oo. 
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Example 2.6. (d=l) Consider a probability measure on the real line fx = e"^*-*-* rft. In 
the one- dimensional case the proof can be simplified. We omit here the detailed proof and 
just briefly explain the main ideas. Instead of using the coarea inequality one can apply 
the Newton-Leibnitz formula 

f{x) = fim)+ r f'{s)ds, 

J m 

where m G M. It is convenient to take for m the median of fi. The use of the Newton- 
Leibnitz formula allows to use the simplified analog of the isoperimetric function X^. Let 
< t < 1/2. Define u{t) <m and v{t) >m as follows: 

/x((-oo, u{t)]) = n{[v{t), oo) = t. 

Then 

J^(t)=min{e^W*«,e^(^W)}t. 

One can get the following analog of Theorem 2.5: 
Let assumptions Al)-A2) be satisfied and let X > 2 and 5 > be such that 

(22) / M-J^])dt <oo. 



Then 



(23) / fF(^.^)di,<C f \ffdi,+ B. f{f-f{m)rdi, 

for some B,C > and every smooth /. 

If, in addition, fi satisfies the Poincare inequality, the term J^{f — f{m)y d/i can be 
estimated by C \f'\'^ d/j, (see [11]) and be omitted in (23): 

(24) 



fF(^J—-)di,<c[ \ffdi,. 



As an example consider the following measure on the line: 
It can be easily verified that as s ^ oo one has 

^g-|s|log(l+s2) 

//((-oo, -s]) = ii{[s, oo)) ~ . 

log(l + s^j 

Since n+{[s,oo)) = Ze-I^l^°g(^+^'), we get 

Mt)>C't\og{\og{l/t))) 

for some C and every t > 1/2. Let us choose a function F satisfying assumptions Al)- 
A2) of Theorem 2.1 such that 

F{x) ~ log^(logx). 

for large values of x. In this case 

$(l/) ~ exp(e^) 

for large y. Hence for any sufficiently small S and all t e [0, 1/2] one has 



$5 



<exp(log^(l/t)), 
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where p can be done arbitrary small. Since 

-1/2 

ex.p{logP{l/t))dt < oo 



/ 

Jo 



for p < 1, we obtain (24)- 

3. Tight estimates 

In this section we establish some tight estimates, i.e., estimates whose right-hand sides 
vanish on constant functions. The case of the F-Sobolev inequahty has been already 
considered in Theorem 2.5. Unlike the F-Sobolev inequality, the case of tight modified 
log-Sobolev inequalities is more difficult. We use an idea from [16] and consider two cases: 
the case of large entropy and the case of small entropy. The large entropy case follows 
immediately from our main result. In the case of small entropy we reduce the problem to 
the F-inequality. 

In what follows we assume that there exists A2 > such that for every smooth / one 
has 



d/i. 



(25) / {f - ruf)' di, < X2 f |V/r 

Since J^d{f — J]^d f dfiY dfi < j-g^d{f ~ dn, this inequality is stronger than the 
classical L^-Poincare inequality. 

Definition 3.1. We say that a probability measure fi satisfies the Cheeger isoperimetric 
inequality if there exists Ai > such that for every Borel set A one has 

(26) min(/i(A), 1 - ^i{A)) < Ai/i+(A). 

Inequality (26) is equivalent to the following L^-Poincare-type inequality: 

(27) /" I/ - /" fdfi\d^i<X, [ \Vf\dfi. 



It was shown in [10] that (26) implies (25). It is known that every convex measure satisfies 

(27) with some Ai (see [20] and [10]). 

We start this section with several lemmas. 

Lemma 3.2. Let F satisfy assumptions AI), A2) and A4) Then for every 6 G (0, 1/2], 
there exists T depending on 5 and yo such that for any y >T one has 

<^{SF{y)^ <y''. 

Proof. Since F is increasing and limy^co F{y) — 00, the supremum of 

- yF{y) + y 

is attained at some y* . Moreover, there exists xq such that y* > yo x > xq. In this case 
one has 

(28) x^F{y*)+y*F'{y*)-l 
and by the properties of F 

F{y*)-l<x<F{y*). 

Consequently, 

y* < F-\l + x) 
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and by (28) we find 

= xy* - y*F{y*) + y* ^ {y*fF'{y*) 
Hence for any x > xq one has 

(29) ^x) <y* < F-\l + x). 

Next, for any y >yo, we have 

F{y^^) - F{yl^) = 26 T s^^-'F'{s^^) ds. 
Taking into account that s^^ < s, we get by A4) 



F{y'') - FiVo') = 25 r -LJli^ ds > 26 f ^ ds = 26{F{y) - F{y,)). 
Finally, 

6F{y)<6F{y,)-\F{yl')-r\F{y'% 
Thus, if F{y) > f , we obtain by (29) that 

^{6F{y)) < F-' (l + 6F{y,) - ]^F{yl') + \F{y'')) . 

Choosing T > F'^ (f) in such a way that \F{y^^) > 1 + 6F{yo) - \F{yf) for y>T,we 
obtain 

H6F{y)) < F-'{l + 6F{yo) - ^^(^0^^) + lF(y2^)) < F-\F{y'')) < y'\ 

The proof is complete. □ 

Lemma 3.3. Let /i be a probability measure and let F satisfy assumptions Al), A2), and 
A4). Then there exists C > such that for all f,g & L'^ilj) one has 

pF(-^^)d^,<2 j f-F(-^J^)d^, + C f f^dy.. 



u^F{^\ + ^F'(^\-l 



Proof. Set 
Since F' > 0, one has 

/ f^F(^)d^^< f f'udi,+ f fd/,. 
jRd \iJ,[g )/ j]Rd JiKd 

By the Young inequality 

f^udii= [ f^ d/j, [ "I ud/j, 
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Hence 



+ 2 f fdfif <^{u/2)dii+ I fd/i 

Using estimate $(x) < + x) obtained in the proof of Lemma 3.2 for large values of 

X, we get that for sufficiently large values of / lJi{g^) 



Hence $(m/2) is bounded by ^j^^j + B for a sufficiently large number B depending only 
on F and J^a{2^{u/2) - 1) rf/x < 2S + 1. This completes the proof. □ 

In the following lemma we prove some simple estimates which will be used below. 

Lemma 3.4. Suppose that F satisfies assumptions Al)-A3). For every K > 1 there exist 
a number B depending on K and a number C depending on K and A such that for every 
f G L^ifJ^) one has 

2 



Proof. To prove the first estimate we consider 

p2 

dii. 

'{P<Kn(P)} 



Let K = min(ir, 1 + A). Since F{y) > for y > 1, one has 

- / f"P{^) ^/^ < - / f'^i^) d^"- 

j{p<Kfiip)} ^^^[J )' J{p<KtJ.{p)} )^ 

By the concavity of —yF{y) on [0, 1 + A] one has 

-yF{y) < {-yF{y%^^{y - 1) = - y). 

Hence 

- / /'^(^) ^ F'imP) I (l - -Tm) 

J{P>Kn(P)}^l^[j ) ' 

The desired estimate follows from (17). 

Let us prove the second estimate. Since F{y) > for y > i^T > 1 and 

/^<2X/.(/2)+2(/-y^M7^)'^, 
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d\i 



one has 

c2 



The first term on the right-hand side does not exceed 

This can be estimated by C'(i^)-Var^/ (see Step 1 in the proof of Theorem 2.1). Applying 
(17) and concavity of F we get a similar estimate of the second term. The proof is 
complete. □ 

Now we are ready to prove the main result on the tight inequalities. Following an idea 
from [16] we reduce the problem to F-Sobolcv inequalities. Set /3 = For every t > |, 
we consider the following perturbation of F: 

Fr,^^MF), 

where 

M^) - I + _ 1)]^ _ 1) + 1^ ^ > 1. 

Note that ipr,i3{x) is a concave increasing function such that ipr,p{x) < x. Obviously, 
V'2,/3(a;) = X. 

Remark 3.5. It can he easily verified that this perturbation preserves functions satisfying 
assumptions Al)-A4). 

Theorem 3.6. Let a > 1 and 1 > t > |. Consider the cost function where 

A > 0,5 > 0. Assume that F, c, n, and K satisfy the assumptions of Theorem 2.1 for 
some K >2. Assume in addition that 

1) F satisfies assumptions A3)-A4) 

2) there exists 5 > such that for R — Rk-i one has 



where 



^tA^) = sup {{x, y) - yF^Av) + y) = [yFrAv) - y)\^)^ 

{y>o} 



3) IX satisfies (25) for some A2. 
Then there exist B,C > such that the following modified F-Soholev inequality holds: 

(30) / f^F( )dfi 

<C [ fc*(\^)dix + B-Y^r,f. 

J{P>K!^dPdn} ^ I/I ^ 
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Proof. We follow the arguments from [16]. The case ^ = | follows from Theorem 2.5 and 
Remark 2.4. Let r > |. Consider a smooth function /. Without loss of generality one 
can assume that infa-gx f{x) > 0. If / satisfies the inequality 



where B = B{K) is the same as in (15), then (30) follows directly from Theorem 2.1. 
Hence one can assume that 

(31) / fF( )di,<2B f fd/,. 

Note that if sup^.^^ < K/i^p), then by the concavity of F 

(see the reasoning of Theorem 2.1, Step 1). Hence without loss of generality one can 
assume that there exists xq such that /(xq) = Kfi^f^). Set 

g{x) = /(xo) + {f{x) - fi^o))+P{j£^)/P{K), 

where 



P{x)^ 



F{x) / F{x) 



Obviously, g > f since x . . is increasing. In addition, since q is increasing, we 
get 

if f{x) > f{xo). Hence we get by the Cauchy inequality 

/ g'dpi<C,{K)([ fdpi+l f'F(^,dA) 
for some C\{K\ By Lemma 3.4 

(32) / fF[-^\dix< f fF(^)d^i + C,iK)YavJ. 

Hence by (31) there exists M — M{K) such that 

/ g'dii<M [ fdii. 

Taking into account that g > f, one gets 

2 / g^ \ f 2//^\ 

- ^(^o)]+)X4;;^) dn > Jj[g - 9{xo)UfFr,,[j^) di. 



p2 



^/([/-/(:^o)].)V(-^)^^44x^^ 
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By the concavity of Ft^^ one has infa;>2M 



— a> Hence 



i\9 - 9i^»'^^+T^r,(3[j^) > 



P 



d/j, 



— sup 

K<t<2M 



Thus for some Ai — Ai{K) > one has 

P 



) 



< 



Aif {[g-g{xo)U)'FrJ^)dfi + A, [ ([/ - /(a;o)]+)' d/x. 

jR'i ^fJ'\9 )'' Jm.d. 

We observe that the second term on the right-hand side can be estimated by Var^/, since 
(/ ~ /(^o)) , < | / — /^(/)|- By Lemma 3.3 we obtain 



{[g-g{xo)]+) Fr,J-T-, 
' ^H'Kg 



d/i < 



2 / {[g-g{xo)U)'Fr,^ 



d/i + c' / {[g - g{xo\+f d/i. 
Jm.d 



Since 



fi{x : g{x) > g{xo)) = fi{x : f{x) > f{xo)) < < ^, 



is the median of {g — g{xo))+. Hence by (25) 

/ {[g - 9{xo)]+Y dfi < X2 \Vgfdn. 
By Assumption 2) and Theorem 2.5 /j, satisfies the F^,/3-Sobolev inequahty, hence 



/ {[g-g{xo)U)'F, 



{[g-g{^o)Ur 
^'^^^^{[g-g{xo)Ur 



dn<A2 / iVgl'^dfx. 



Combining the estimates obtained above, we get 

Let us estimate Vg. Set h = j;^- One has 
Vg = 



(/-/M. 



F' FfJF)F' 



(h) 



f 



^^iP)^ 



V/ + 



p{h).p{K) y^JrAF) €AF) 

Let us show that for some Bi = Bi{K) > one has 

\Wg\'<B,P'{h)\Wf\'. 

It is sufficient to verify that 

{f-f{xo))^f F' Fi,'^AP)F'y^~^ f 



'{/>/(^o)} 



P{K) 



V/. 



p'{h) \MF) €AF) 
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KP) 



is bounded. Since 



/(/-/(^o)). 



< h and = F /'4>t,i3{F), we have to show that 



xiJrAF) f F' F^'^AF)F\ xF' x^',AF)F' xF' F^'^^F)- 



AAF) ^rAF) 



^rAF) 



is uniformly bounded on [K, oo) . Indeed, it can be verified directly that 

xip'Jx) 
< , / < 1. 

The boundedness of ^ is obvious. Finally, we obtain 

([/ - f{^o)UfF{h) di,<C [ |V/r , 7^^^ 

The right-hand side can be estimated by 



J{P>Kt^{P)} 

for arbitrary N . Here 



V/ C [ 



/ 



I3r 



ar 



{P>Kui{P)} 



F{h) 



d/j,. 



{/3r/2)* 



MF(h)) 



ar 



a-V \2J 2 + q;(t-2)' 
We note that there exists C — C'{K) such that lor x > K one has 

/ X \ 2+a"r-2) ^_ 2(a-l) W ^ \ 

^WtA^)^ 

Hence for arbitrary £ > and all sufficiently large N the latter does not exceed 



X. 



J{P>Kn{P)} 

We recall that 



V/ CO 

d[i + 



/ 



fF{h)d^. 



c*{x) = ca,^^{x) < A|x|«-i. 
for \x\ > 1 and some A = A(A, a, r). Obviously, there exists a{A, a,K) > such that 

Ixl^^- < a{A,a,K)c*{x) 
for X > K. Hence by (32) there exists C = C{a, A, K) such that 



< C 



{/2>W)} 



where £ can be chosen arbitrarily small. It remains to estimate the last term on the 
right-hand side by Lemma 3.4 



and choose a sufficiently small e. The proof if complete. 



djji 



□ 



Now let us apply this result in the case of a special lower bound for the isoperimetric 
function. 
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Theorem 3.7. Let ip he a function satisfying assumptions Al)-A4) such that (p{xo) — 1. 
For every r < 1 define the corresponding generalized entropy 

Assume that 

(33) I,{t)>Ct^l^^y~'' 

for some 1 < a < 2 and t < 1/2. Then, whenever 1>t>^ = 2^1 — there exists 
Cr > such that for every smooth f one has 

Proof. The resuh foUows from Theorem 3.6. Obviously, satisfies Al)- A4). Let us 
show, that /X satisfies (25). Indeed, it suffices to show that satisfies (26). But (26) easily 
follows from (33), since (p is increasing. Note that 



So it suffices to check that 

^r,p{S\lF,^/) dll< QO, 



I 

Jb% 



L 



$t-(5c(/f^) ) (i/x < oo. 



{K-l)/K 



for a sufficiently small number 5 and a sufficiently large number K. Here 

Recall that the cost function is given by 

c = C* / \=C/ \. 

By the definition of /^r^ and 1^ for all r > R1/2 we have 

-^■^(1-^(50) 



(34) ^-W^-^^-"Kt3^) 



Hence 



and 



Analogously, 



K,^'') ^ ^ 1-1, 1 ^ ^ C2<^/^ ( ] 
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and 



Hence by Lemma 3.2 for some Ci > 0, i?o > and sufficiently small 5 one has 
if r > i?o- In the same way we obtain 



^r,,{5ll^r))) < - 



a 



2 



if r > Rq. 

Hence for a sufficiently small 6 and big X functions $^^5c(/ir^) j and $t-,/3^^-^_Ft-^)^ 
dominated by ))p with some p < 1 and iV > 0. Since the mapping 

X I- ^i{{y ■■ y < \x\}) 
transforms // into Lebesgue measure on [0, 1] , we obtain 

/ ^Mc{lFAr)))dfi<N -<oo. 

^ ^ Jo tP 

The same estimate holds for ^r,i3(sip^ ^ . Hence assumptions of Theorem 3.6 are fulffiled. 
Thus, by Theorem 3.6 we have 

/ i r ) d^^<C f fc* (^) di, + B. Var^/. 

By the Poincare inequality Vai^f < J^^ |V/p(i/i (note that the Poincare inequality is 
fulffiled since (25) holds). One can easily verify that < Bc*{x) for some B > 0. 
Hence 

|2 ^ 6 ^2 * , 



|v/r<5/v(^) 



and 



jRd yj^^f^dii/ Ud V I/I / 



The proof is complete. □ 

4. Application to convex measures 
Lemma 4.1. Let ji he a convex measure. Then sup^>^^^2 ^^^^-^ < oo. 
Proof. We apply the following estimate from [6] : 

(35) 2r//+(A) > iJi{A) log -L- + (1 - y,{A)) log \ + log/x{|x - Xo| < r}, 

/i(A) l-/^(^) 

which holds for every convex measure /x, every set ^4, every point Xq, and any r > 0. Let 
//(A) < 1/2 — £, where £ > 0. Choose r in such a way that iJi{A) — iJi{Bf). Then 

(36) (i_^(A))log^— i^ + log/.(5,) =/.(5,^)logM5,). 

22 



Pick S = S{e) such that 

/I ^ 1 

Then 

^^iBr)>{l + e)>[l-ey~'>^^'-\B^,). 

Therefore, 

(1 - 5MA) log + i,{B^^) log/.(5,) = i,{A) (log ^^^r^) > 0. 
Hence by (36) we obtain 

(1 - 6)fi{A) log + (1 - log - — \— + log/i{|x - xol < r} > 
and > log It remains to show that 

sup — < 00. 

Rl/2<r<Rl/2+e 

But this follows easily from (35). One has to choose a sufficiently large number R such 
that 

^inf ^(1/2 + r) log + \ogpi{{x : \x\ < R}) > 0. 

Then Iiog{r) < R. The proof is complete. □ 

Corollary 4.2. Let n be a convex measure and let (p satisfy assumptions Al) - A4). 
Suppose that g : R"*" — > R is increasing and J^^ e^^''^ dji — 1. If for some C > and 
1 < a <2 one has 

(37) -T^^rrv, ^ 

then 

Mt)>kt^[jy~^ 

with some k > and t < 1/2. 
Proof. By the previous lemma 



l^^(A) > ko 



r 

if n{A) = 1 — n{Br) and r > R1/2. By the Chebyshev inequality 



Hence by (37) one has 

log / 1 



> Cr 



(^1-^ V//(S,-). 

for any r > Ri/2- Consequently, 
The proof is complete. □ 
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Proof of Theorem 1.1: Follows from Theorem 3.7 and Corollary 4.2. 

Example 4.3. Let fi = Ze~^ dx be a convex probability measure on M.'^ such that V{x) ~ 
\x\ log^ |,x| withp > as \x\ — > oo. Suppose that F satisfies Al)-A4) and F ~ log"^ log 
as \x\ oo. Applying Theorem 1.1 one gets that for every A> Q there exists C > such 
that for every smooth function f one has 

Finally, we prove an inequality of the type (6). 

Theorem 4.4. Let ji be a convex measure such that J^^ e^'^'" dji < oo for some 1 < a 
and £ > 0. Then the following inequality holds: 



Ent^\ff<c\f |V/|^d/. + Var^|/|l]. 



Proof. Set: = \f\^- Apply Theorem 2.1 to g^ in place of Following the proof we 

get 

Ent,\ff < CYaT,\ff + C f ho,{r\f\,{f^))\ff-'\Vf\d^i 

with some K > 1. By the Holder inequality for every S > there exists N{C, 6) > such 
that 



C [ V(r|,|.(/))|/|^-^|V/|d/.< 

J\f\f^>Ka(\m 



'\f\''>Kn(\m 

nI \vffdn + s[ it^Mf^fl'dn. 

j\f\^>Kt^(\m 

Since |/| < C{K, (3)\f — iJ,{f)\ on {|/|^ > we get by the same arguments as in 

Theorem 2.1 

f exp(5/iJ^(|x|)))ci/.<oo 



< 

where C < oo whenever 



with R = Rk-1. By Corollary 4.2 one has J^^g^ < Clxl/s-i = C"|a;|". Hence, choosing 
a sufficiently small number 6, we obtain 

^ exp(^6I^' {\x\)^ dpi < oo. 

Since fi is convex, it satisfies the Cheeger inequality, hence there exists C{(3) such that 
for every / one has 



\f-l^{f)fdi,<C{(3) I \Vffdi, 



24 



(see [10] for the proof). Finally, we arrive at the estimate 

(38) Ent^|/|^<CVar^|/|i+7V' / \V ff df, + ^Ent,]/ - pi{f)f . 

In particular, applying (38) to / — A*(/), we get 

Ent,\f - ix{f)f <2C f \f-i,(f)f+2N' f \Vffdi, 

< {2CC{p) + 2N') [ \VffdpL. 

Combining this estimate again with (38) we get the claim. □ 

The author was supported by the RFBR Grant 04-01-00748 and the DFG Grant 436 
RUS 113/343/0(R). 
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